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Motivation and spray regimes
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Sprays are two-phase flows in which dispersed particles/droplets interact with a surround-
Ing gas.
We classify sprays according to the dispersed phase volume fraction.

. Very thin sprays: volume fraction < 107°.

- Thin sprays: volume fraction < 107!; drag effects scale like O(Npr]%) (proportional
to surface area).

. Thick sprays: volume fraction up to about 10™!; finite-volume effects produce pressure
corrections of order O(N pr]?;).

Many models can be used to describe such systems. In this work, we formally derive
a kinetic—fluid description (Vlasov—Euler) from a kinetic—kinetic description based on
Enskog-Boltzmann operators.

Enskog equation and finite-size correction

The Boltzmann equation describes dilute gases, in which particle volume is neglected. In
the present work, finite-size effects are retained through the Enskog correction. For a
single-species gas, the Enskog operator takes the form

o F(t,x,v)+v- -V, F(t,x,v) = E|F, F],
with

Elg, h](t,x,v) = d2/
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where d denotes the diameter of particles.

Cross-species collision geometry

In the binary gas—particle setting, we use the cross-species Enskog—Boltzmann operators
E!lf, F] and EJ[F, f], with shifts x + (r, + ) w.
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Compact parameter table
Parameter Meaning
L container size (periodic box)
T time scale
N,,N, number of particles and gas molecules /L°
V,, Vg thermal speeds of particles and gas molecules
Sy, S, average collision cross sections
rps Ty particle and gas radii
My, Mg particle and gas masses

n=my/m, <1 mass ratio
e=V,/V, <1

5 =1/(N,LS,)

thermal speed ratio

Knudsen number of gas phase
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Kinetic starting point

After nondimensionalisation, and under the scaling assumptions
e=1, T=L/V,, L°N,=1, N,LS,<1, r,/L<1,

the system becomes

r 1
O fT° +w -V f10 = ET[ f10, F™°] + EB[f’“S, £, "
4
1
\(9,F’7"S +v -V FT = ;SQ[F"’(S, .

Here 8? and 8;7 are Enskog-Boltzmann collision operators, while $ is the classical
Boltzmann collision operator.

Main formal result

Under the scaling and convergence assumptions, as é,n — 0, suppose that

f”’5(t,x,w) — u[a(t,x)n(t,X),u(f,X), Q(I,x)/mg] (W)’
F”’é(t,x, v) > F(t,x,v),

where u denotes the local Maxwellian u|R,U,T](w) = (27:;)3/2 exp (—lWQ_TU |2). Then the

limit functions (a, n, u, 8, F) satisfy the following Euler—Vlasov equation for thick sprays.
(For brevity, we omit the corresponding energy equation from the poster)

(0 (ap) + div(apu) = 0,

O/(apu) + divy(apu ® u) + aV,p = mg/
R

_ divx(cm/ F(v)O(v —u) dv) + o(a?),
R3

F(v)D(v —u)dv
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(9;F + v - VXF + divv (F [D(V — u) + S_ﬂ-aSpr:|) — 0(a3)9
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rr
a(t,x) =1- Ea F(t,x,v)dv,
RS

p(t,x) =n(t,x)0(t, x),

p(t,x) = mgn(t,x).

(2)

The key novelty is not merely the recovery of the standard engineering model: the volume
fraction @ appears explicitly in front of the pressure gradient. The derivation also reveals

higher-order force corrections of order O(a?).

Idea of the derivation

The key idea is to remove the spatial delocalisation in the Enskog-Boltzmann operators by
means of a first-order Taylor expansion:

19 (x + aw, w) = 1900, w) £ aw - Vo f1(x, w) + o(a).

With this expansion, the collision operator 6;7 decomposes into a leading friction contri-
bution and a higher-order correction:

ELF™, f7°] = RI[F™, f7°] = RIF™, f7°]  +o(a?).

— —~

friction term buoyancy-type correction

The coefficient %”ag in the definition of @ ultimately comes from two isotropy mechanisms:
the angular integration in w, and the fact that the Maxwellian depends only on |w — u|.
In particular,

4 .

2a3/ (w- (v=—w)) w¥dw =—a (2(v — w)® + |y — w|21d).
lw|=1, w-(v—=w)>0 15

This identity is precisely what produces the finite-volume correction in the macroscopic
limit.
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