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Very thin Thin

When the droplet volume fraction o = a(t, x) € [0,1] is no longer negligible, the gas phase momentum
balance becomes

Ot (apu) + divy(apu®?) + aV,p = / F(v)D(v — u)dv,
R3
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Mathematical Models of Sprays

A spray model is a two-phase flow typically coupling two levels of description:
o Disperse phase: droplets, dust, or solid particles, modeled by

e Hamiltonian or kinetic equations (Vlasov, Boltzmann, Enskog), or
o fluid-type equations (Stokes, Navier-Stokes, Euler).

@ Gaseous phase: gas or liquid background, described by

e kinetic equations (Boltzmann, Enskog), or
o fluid equations (Stokes, Navier—Stokes, Euler).

This talk will focus on deriving a kinetic—fluid description (Vlasov—Euler system) starting from
a kinetic—kinetic framework (Enskog—Boltzmann system).
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Boltzmann Equation (Dilute Gas)

The Boltzmann equation for hard spheres with radius r, describes the statistical behavior of a
thermodynamic system out of equilibrium by modeling the time evolution of the number

density distribution function f = f(t, x, v) > 0 depending on time t € R, position x € R3,
and v € R3.

Oif +v-Vyf =B[f,f]= /S2XR3(f(VO)f(WO) — f(V)f(w)){(v — w,w) dwdw.

Here, the pre-collision velocities (v°, w®) are given by

{vo =vo(v,w,w)=v—(v—w)- ww,

we =w(v,w,w)=w+ (v—w) - ww,
and (z,&);+ = max{(z,&),0} denotes the positive part of the inner product between z and &.
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Enskog Correction (Finite-Size Particles)

To account for excluded volume in binary collisions, we modify the collision integral by
shifting by a distance d. The Enskog equation is written as

Ocf + v - Vif = E[f, f],

where the (Boltzmann-)Enskog collision integral is written as

Elf,gl(x,v) = d? /R3X82 [g(x+dw, w®)f(x,v°) — g(x—dw, w)f(x, v)]

(v—w) wH((v—w) - w)dwdw

1, if s >0,

H denotes the Heaviside step function H(s) = _
0, if s <O.
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Dissimilar Binary Hard-Sphere Collision

For collisions between different species, the pre-collision velocities v/ and w’ are given by

V=V (v,w,w,n)=v— (v —w) - ww,

1+n

w = w'(v,w,w,n) =w+ (v—w) - ww,

1479

where 7 is the mass ratio defined by n = mg/m, < 1.
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Kinetic—Kinetic Description

We consider a binary mixture governed by the coupled kinetic system

(0 + w -V )f(t,x,w) = R|f,F](t,x, w)+ C[f, f](t, x, w),
(0: + v -Vy)F(t,x,v) =DIF,f|(t,x,v)+ Q[F, F](t,x, v).

Here, f(t,x,w) and F(t,x, v) denote the distribution functions of two species.
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Literature on Boltzmann Equations for Gas Mixtures

P. Degond and B. Lucquin-Desreux, 1996: asymptotics of collision operators with
different scales in the space-homogeneous setting

@ Y. Guo, 2003: unique global-in-time classical solutions around a global Maxwellian for
charged particles

@ A. Sotirov and S.-H. Yu, 2010: decay estimates for perturbations when one gas is near
vacuum and the other is near a Maxwellian equilibrium state in one space dimension

C. Bardos and X. Yang, 2012: the boundary-layer problem is well posed

I. Ampatzoglou, J. K. Miller, and N. Pavlovi¢, 2022: rigorous derivations for mixtures of
hard-sphere gases

Z. Fang and K. Qi, 2025: well-posedness of the scaled equations around the global
Maxwellian
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Fluid—Kinetic Description for Thin Sprays (Eulerian—Lagrangian Model)

Beyond the kinetic description of collisions, an alternative framework couples a fluid system
with a kinetic equation:

Op + divx(pu) = 0,
D¢ (pu) + divy(pu®?) + Vyp = mg/ F(v)['(v — u)dv,
R3

Ot (pE) + divy (puE) + dive(up) = mg /R3 v-T(v—u)F(v)dv,

OtF + v - VyxF +div, [F(v)[(v — u)] =0,
2
0
ul® 30 p

=—nb. E = — =
p=nd 2—i_2mg7 Mg

where p, u, 6, p, E denote the local density, velocity, temperature, pressure, and total energy of
the gas, respectively; F = F(t, x, v) denotes the distribution of particles suspended in the gas;
and I =T (v — u) is a prescribed drag law describing the friction between the two species.

13/31



Fluid—Kinetic Description for Thick Sprays

As the proportion of the dispersed phase increases, the model is modified by introducing the
volume fraction «a:

Ot(ap) + divy(apu) =0,

Or(apu) + dive(apu®?) + aVp = mg/ F(v)['(v — u)dv,
R3
O¢(apE) + divi(apuE) + divi(apu)+pdio = mg / F(v)I'(v — u) - vdv,
8tF+v.VXF+divV{F(v)[I'(v—u) SRV o} =0,
lul> 36 A 4

p = mgn, E:7+%, p = nb, a—13p/ F(v)dv.

The thin-spray fluid—kinetic model is recovered in the limiting case a = 1.
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Literature on Spray Models

Thin sprays
@ L. Desvillettes, E. Bernard, F. Golse, and V. Ricci, 2017, 2018, 2019: derivation from the
Boltzmann equation for binary mixtures
e D. Han-Kwan, A. Moussa, and |. Moyano, 2020: large time behavior of VNS
@ R. Danchin, 2026: Fujita—Kato solutions for VNS
Thick Sprays
@ B. Després, C. Buet, and L. Desvillettes: linear stability

o B. Després, C. Buet, and V. Fournet, 2024: existence of strong solutions to an averaged
thick spray model

o L. Ertzbischoff and D. Han-Kwan, 2025: local-in-time well-posedness
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Main Theorem (Formal Statement)

Let 79 and F™° be classical solutions of the following Enskog—Boltzmann system:

Bf™ +w - Vf 0 = N F] + %B[f"ﬁ, £,
BF™ 4 vV FT = L gn[Fnd f1)
n

Under the scaling and regularity assumptions, as 7,5 — 0, we have f:° — M|an, u,0/m,] and

F79 — F. The limiting quantities F, n, u, @ then solve the following Euler—Vlasov system for thick
sprays:

Ot(ap) + divx(apu) =0,
De(apu) + div(apu®?) + aVep = /F(v)D(v — u)dv—divs <om/ F(MQ(v — u)dv) + o),
9e(apE) + dive(apuE) + divx(apu)+pdea

- /F(V)D(v ) - vdv—div, <an/ F(VQ(v — u)vdv) + o(a),

8F + v - Vi F + div, [F(v)(D(v - u)+3“7”ga3vxp)] = 0(a%),

|ul? 30 4T 3/
— E=""4 = = nb =1—- — F(v)dv.
P mgn, 2 + 2mg7 P no, o 3 a ®3 (V) v
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Remarks on the result

Q1 Can we eliminate the o(a®) terms?

Al No. The leading order of the friction force scales like O(a?), while buoyancy scales like

O(a%). To retain both effects, the higher-order terms must be kept; otherwise, the
friction force would diverge.
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Remarks on the result

Q1
Al

Q2
A2

Q3

A3

Q4

A4

Can we eliminate the o(a%) terms?

No. The leading order of the friction force scales like O(a?), while buoyancy scales like
O(a%). To retain both effects, the higher-order terms must be kept; otherwise, the
friction force would diverge.

Is 4{33
No. The coefficient %7‘(33 does not come from directly integrating 1 over a ball. However,
in any dimension d, the coefficient in the volume fraction « is exactly the volume of the
unit ball in RY.

Why are the pressures unbalanced?

a coincidence?

This is a feature of non-equilibrium gas—particle systems. It is known as interfacial
pressure.
Can we generalize the collision kernel in the Enskog—Boltzmann operator beyond
hard-sphere collisions?
Yes, but then the familiar coefficient %”33, which is the volume of a sphere of radius a, is
no longer exact, since it is specific to the hard-sphere setting.
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Maxwellian in the Gas Limit 6 — 0

We begin by considering the gas-phase equation

1
OefM0 4w - V10 = EP[F10 F19] 5 B[, £19)

As § — 0, the limit function of gas molecule distribution f should satisfy
B[f,f] = 0.

Under suitable assumptions on f, we conclude that f is a Maxwellian distribution, which takes
the form of

X w — x)?
f(t,x,w) = M[R(t,x), U(t,x), T(t,x)](t, x, w) := (2¢r¢§?x§)3/2 P (_|2T((Jt(t;<))|>
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Macroscopic quantities

We introduce the following macroscopic quantities for gas phase

t
p(t,x) = mgn(t,x) = ((E’X))())/ mgf(t,x, w)dw, the local mass density of gas
) R3
u(t,x) = H(a(t, x)nt, x ))/ wf (t,x, w)dw, the bulk velocity of gas
a(t,x)n(t,x)  Jgrs
(£, x

_ H(a(t,x)n ))/ w — u(t, x)|? ,
0(t,x) = At x) s mg 3 f(t,x,w)dw, the internal energy of gas

where the scaled volume fraction function oo = a(t, x) is defined by
4
a(t,x) =1-— 7Ta3/ F(t,x,v)dv.
3 R3
Then the limit function of f79(t, x, w) should be parametrized by
Mlan, u,0/mg](w).
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Spliting the collision integral &)

Go back to the equation of particles
OeF™ + v -V F1 = Tllgg[mﬁ, £19].
The idea is removing the delocalization from the distribution by
F10(x + aw, w) = F10(x, w) & aw - V, 0 (x, w) + o(a).
Correspondingly, the collision integral £ can be rewritten as

EJ[F™0 1) = RI[F™°, £19] — RA[F"0 £19] + o(a%),

22/31



Leading friction from R

We consider the weak form of R{. For smooth test function ¢(v), we have
[ RIE 700 vty
R3
= / [F (W)™ (V) = £ (W) F (V)](v — w) - wH((v — w) - w)e(v)dvdwdw
R3XR3xS?

= /Rsstxsz FEO(wW)F (V)[p(v') — o(V)](v — w) - wH((v — w) - w)dvdwdw.

The fundamental theorem of calculus, and show that

/ / 2
P(V) = p(v) = (V' = v) - Vuip(v) + oV = v) = =1 +7777(V —w) - ww - Vyp(v) + o(n),
hence
/Rs RIF™, £](x, v)e(v)dv
= —1217177 ./11@3 <F"’6(x, v) /52 F2(w)((v — w) - w)*H((v — w) ~w)wdwdw) - Vp(v)dv + o(n),
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As § — 0, the function 7 converges to a Maxwellian distribution. We can compute explicitly
the integral

where the function g is given by

o6 = oy [ (€= )le=yle v 20y,

(2)

As a consequence, the leading-order friction force reads

. 0 v—u
5’|7|7r30 /R3 RY[F™, £10](x, v)p(v)dv = —ma?an— g F(v)q (\/m) -Vyp(v)dv.
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Pressure Term from Delocalization R

We repeat the same process for R

[ RAE ) (v
R3
. 2a%n
o
Note the following identity:

/ﬂ@ (FW(X, v) /Sz w - Vaf ™ (w)((v = w) - w)*H((v — w) -w)wdwdw) - Vvp(v)dv + o(n).

22 [ o P = 0 4 [efa) = QL)

We can compute it when 79 is a Maxwellian distribution by spliting v — w into v — u and
u—w

/R3><S2 w VM [an, o "’%] (W)((v = w) - w)H((v = w) - w)wdwdw

= 2—ﬂ-Vx(oma) + 27
g

15m,

[divx (2om(v - u)®2) + Vi (om|v - u|2)} .

3m
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We can simplify the pressure term by removing the volume fraction inside the spatial gradient
through the approximation

Vi [FVx(and)] =V, [FV(nd)] + O(a%).

As a result, the limit of the weak form of R is

1
lim = [ RIF?, 1] (v) p(v)dv
7,6—0 1 JR3

= [ F0) (5 Vap Vo fanly = u)]) - Vuplv)av + o),

g

where the pressure p is determined by the equation of state p = né.
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Particle Vlasov-Type Equation

Combining the representation for RY and R, after taking limit 1, — 0, we obtain the
equation of dispersed phase

BeF(t,x,v) + v - Vi F(t, x, v) + divy [F(t,x, v) (D(v —u)+ ;ngasvxp)} = o(a),

where friction force D(v — u) is given by

Dlan,u,0)(v — u) == ﬂazanmiq (v—u) + divy [anQ(v — u)].

g \\V0/mg
The first term of D(v — u) comes from R7 and corresponds to the classical drag term

(Desvillettes—Golse—Ricci). The second term comes from the delocalization effects encoded in
R1.
2
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Takeaways

@ The Euler-Vlasov thick-spray model emerges from the Enskog—Boltzmann system in the
regime where the particle-to-gas number ratio is inversely proportional to the mass ratio
and gas—gas collisions are sufficiently frequent.

@ The derivation provides a kinetic justification for engineering closures and reveals
additional O(a?) effects.

Hamiltonian-fluid Kinetic-kinetic

R. Hofer, A. Mecherbet, et al.

E. Bernard, L. Desvillettes, X
F. Golse, V. Ricci This talk

J. Mathiaud, L. Desvillettes

C;luid-ﬂuid Kinetic-ﬂub

Averaging method Averaging method
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@ Polydisperse sprays and more complex settings, including energy exchange and
combustion;

@ Derivation of fluid—fluid models directly from kinetic—kinetic descriptions, even in
multi-species cases;

@ Beyond formal limits: rigorous mathematical justifications remain largely open.
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Thank you for your attention!
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